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Abstract: In any realistic wireless communication scenario, multipath fading is a predominant effect 

which could be worsened by Phase Error (PE). The combine effect of multipath fading and PE 

encountered in this medium degrades the signal. Weibull distribution (fading) channel has been found to 

be very useful and appropriate to model wireless communication channel. In this paper we present the 

analysis of the Wireless channel corrupted by the PE at the receiver using Weibull and Tichonov 

distributions. The closed-form expressions were obtained using the Probability Density Function (PDF) 

method over Equal Gain Combining (EGC) for Outage Probability ( ) and Bit Error Rate (BER). The 

results obtained show that the higher the PE the higher the outage probability and the higher the BER of 

the received signal. It is therefore necessary for effective signal reception the PE must be kept as low as 

possible within the allowable value. Both simulation and theoretical results were in agreement.  

Key Words: Probability Density Function, Equal Gain Combining, Outage Probability, Bit Error Rate, Phase 

Error, Weibull fading. 

 
A. Introduction 

Wireless Communication (WC) has become one of the heartbeats of the world economy. However, it 

suffers from multipath fading and phase error. These are due to the nature of channel of propagation and the 

phase lock loop (PLL) which is used to recover the carrier phase. These lead to imperfect recovery of the 

transmitted signal at the receiver leading to noise and interference. WC is modeled by different distributions that 

describe the statistical behavior of the channel depending on the nature of the wireless environment. Such 

distribution includes but not limited to Rayleigh, Rician, Nakagami and Weibull.  

The Weibull distribution has been proposed as an appropriate statistical fading model to describe 

fading channels. Much emphasis has been placed on the three most common fading models (Rayleigh, Rician 

and Nakagami) to characterize multipath propagation medium. The versatility of Weibull distribution has been 

demonstrated in several scientific fields and much recently in wireless communications. [13] established that 

Weibull model exhibits a perfect fit to experimental fading channel measurement for both indoor and outdoor 

environment.  

A lot of work has considered Weibull fading channel analysis using performance metrics in Physics. 

This fading channel was recommended for theoretical studies by the IEEE Vehicular Technology Society 

Committee on Radio Propagation [1]. In [6], Weibull distribution provides optimum for Digital Enhanced 

Cordless Telecomm (DECT) systems operating at 1.89GHz.  This was followed by the work in [26], where 

several experiments for Global System for Mobile Communication (GSM) network, operating at 900MHz and 

confirmed its usefulness as a fading model for outdoor systems. In [21], channel capacity and second-order 

statistics are analyzed over Weibull fading channel. In [14], development of a novel channel model was carried 

out, the model is a synthesizer for generating rain attenuation time series for satellite links operating at 10GHz 

and above. The channel model is a modification of Masenge-Bakken (M-B) model because it generates rain 

attenuation time series that follows the Weibull distribution.  

In [24], development of a new approximate closed form expression (distribution) and performance 

analysis of composite Weibull/Log-Normal fading channel was done. In [10], a comparative simulation analysis 

on the performance of Low-Density Parity Check (LDPC) coded communication systems over Weibull fading 

channels was attempted. In [7], there was a development of a method for approximating the probability 
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distribution of a sum of independent and identical Weibull RV which was adopted to analyze the performance of 

Equal Gain Combiner (EGC) receiver over non-identical Weibull fading channel.  

Among other numerous wireless communication applications of this fading channel that has been 

attempted includes the work of [8], [15] and [11]. It is imperative however, to observe that no significant study 

has been carried out on the performance of WC channel over Weibull fading channel that has been corrupted by 

both multipath fading and phase error. Therefore, our proposed models aim to fill this gap in knowledge. The 

main objective is to developed statistical model to obtain  and BER for EGC over multipath fading which has 

been model as Weibull fading distribution and Phase Error which is Tichonov distributed. 

B. Channel Modeling 

In considering a Weibull fading channel, Cvetkovic et al (2011) define the received signal y(t) as  

         ( 1) 

where s(t) is the Weibull distributed random variable with its own pdf, n(t) is the AWGN noise which is a 

random variable (RV) with mean zero and variance ,  is the information bearing phase,  is the 

carrier frequency and  is the random phase uniformly distributed in [0, 2π]. 

 

C. Weibull fading distribution 

 

 Weibull distribution is used to model multipath wave propagation in a non- homogeneous environment. 

Weibull distribution is suitable to characterize the mobile radio systems operating in the frequency range of 800 

to 900 MHZ for both indoor and outdoor environments [22]. The PDF of Weibull distribution, ( ) is 

given by [22]. 

                    (2) 

where  

β ϵ (0, ∞) is the Weibull fading parameter and     . 

Weibull PDF simplifies to Rayleigh PDF when β = 2 [22]. 

 

D. Phase Error   

In a multipath fading channel, signal transmitted undergoes random phase shift, in revolving the 

multiple signals and combining them effectively, the receiver requires the knowledge of the phase and 

amplitude changes introduced by each path.  Therefore, there is a need to know an allowable phase error that 

would not impact the receiver negatively.  An effective combining technique should be able to undo the phase 

shift of the received signal.  Hence, estimation of the phase of the received signal is required.  The first order 

Phase Lock Loop (PLL) is a circuit that estimate the carrier phase but due to Doppler spread, thermal noise and 

other unwanted signals presence in this circuit the phase is incorrectly estimated in the Carrier Recovery loop 

(CRL) segment of the circuit, this incorrect carrier recovery of the phase is called the phase error. This 

inadvertently causes poor performance of the diversity combining receivers [16], [18], [20] and [11]. When the 

PLL is used for carrier recovery, the random phase error, (PE) follows the Tichonov distribution, ( ) given 

by [16]  as 

                  (3) 

 where,  is the Carrier Recovery Loop (CRL) SNR 

  is the zeroth order modified Bessel function of the first kind 

    is the phase angle 
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The root mean square (RMS) phase error,  , is related to CRL, , as  

In order to guarantee a reasonably coherent reception, the RMS, , tracking the signal phase should lie within 2
o
 

– 12
o
, [16]. The instantaneous output SNR with phase error in L-branch EGC, , was given by [3] and [4]  

as 

           (4)   

                     

where  is the instantaneous SNR of the fading channel considered and  is the phase angle of  branch 

EGC. Consequently, from this equation, using the PDF based approach to find the PDF of , required the 

derivation of the PDF of , , and . The PDF of , which is Tikhonov distributed,  is given 

in [Najib and Prabhu, 2000] and simplified in [5] as 

 

                  (5) 

Since the value of PE must be very small for a meaningful signal reception at the receiver, and that 

 in radian when  and therefore, [2] showed that  

                (6) 

 Where,  is the SNR of the Carrier Recovery Loop (CRL) and is related to , the Phase Error (PE) given by 

[Lindsey and Chie, (1986)] as. 

                                                               (7) 

This implies that the higher the CRL, the lower the value of PE 

 

E. Probability Density Function of Weibull Fading Channel with Phase Error 

 

 The Probability Density Function (PDF) of Weibull fading channel is given in [22] as  

     (8)  

Where,  then 

Using Stark and Wood, (2002) the power of the PDF,  , for Weibull fading 

distribution is derived as 

      (9) 
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The PDF of the product  is derived using equation (6) and (9), random variable transformation in 

[25], identities in [12] and [19] and substituting for , the combined PDF of Weibull fading channel 

with PE, after some mathematical simplifications is         

     (10) 

Solving equation (10) is highly demanding, but not insurmountable, the closet identity from the table of 

integrals by [12] requires that , the Weibull parameter, to be one. Hence, for  , therefore, 

  in equation (10) after substituting for  and  is 

     (11) 

Solving this equation, we make use of the identity in [12], the solution of the integral in equation (11), therefore, 

is 

         (12) 

where  is given by [19] as  therefore, equation (12) after substituting  and 

simplifying becomes, 

          (13) 

It is required that the PDF of the sum of path , where is 

found by using the Fourier Transform (FT) approach which is otherwise known as the characteristics function 

approach given in [25] and [12] as  

         (14) 

        (15)

 Where,  

In [12], the possible solution to the definite integral of the form in equation (13) in one of its identities was 

analysed. Therefore, by substitution, comparison and equating indices  

        (16) 
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By using the CHF in [Stark and Wood, 2002; Gradshteyn and Ryzhik, 2007], the inverse of FT and substituting 

for  with some mathematical operations 

      (17) 

Similarly using the table of integrals by [12], the possible solution to the definite integral of the form in equation 

(17) is 

          (18) 

                        (19) 

Equation (19) is the PDF of the output of EGC with PE over Weibull fading channel with Weibull parameter, 

. 

F. Outage Probability of EGC with PE over Weibull Fading Channel 

Simon and Alouini (2005) define to outage probability, , as given below  

 

Therefore, using equation (19) the outage probability is given by 

                   (20) 

for simplification let , and , therefore, equation (20) simplifies to 

            (21) 

by variable transformation, , , equation (21) is 

          (22) 

The solution of this type of integral is given by [12], therefore, comparing and equating indices, the solution of 

equation (22) is 
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        (23) 

The incomplete gamma function  is expressed in series form by [19] and given as   

, replacing this in equation (23) 

       (24) 

Substituting for Y and n 

       

             

(25) [22] gives an expression for the ratio of instantaneous SNR and average SNR as   therefore, 

, substituting N, , and equation (7) in equation (25) we have 

      (26) 

Equation (26) is the outage probability at the output of the EGC combiner in the presence of PE over Weibull 

fading channel. 

G. Bit Error Rate of EGC with Phase Error over Weibull Fading Channel 

The BER is given by [22], as 

                                    (27) 

Where,  is the Marcum Q function given in terms of complimentary error function in Olver, et al. (2010), 

but the complimentary error function was express in series form by [12], combining the two,  after some 

mathematical operation is 

                 (28) 

BER equation is obtained from equation (27) and (28), where for BPSK , substituting 

equations (19) and (28) in equation (27), the BER over the Weibull fading channel is  

   

           (29) 
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let ,  , and  

Therefore, equation (29) in a simplified form is 

     (30) 

By variable transformation and some mathematical operations with the aid of table of integrals by [12], the 

integrals in equation (30) have a solution of the form  

                 (31) 

  

             (32) 

H. RESULTS AND DISCUSSION 

 

Figures 1 and 2 show the BER results in Weibull fading channel. The graph show that the Weibull 

model is not effective in predicting the complete behaviour of signal transmitted in this channel as it gives a 

total attenuation of the signal with the high BER observed with Weibull shape parameter equals 1. The model 

has failed with the high value of BER which is not practicable. Therefore, in Figure 1, the BER results at PE 

(pha) of 3
o
 and 12

o
 for L of 2 and SNR of 4 dB were  and , respectively, while at L of 

8, the BER results were   and , respectively. At SNR of 18 dB the BER results were 

 and , respectively, at L of 2, while at L of 8,  and  were 

recorded as BER results.  

Figure 2 shows the graph of BER versus PE, at a constant SNR of 2 dB, the Weibull fading channel 

shows that at PE (pha) of 4
o
 and L of 2 and 8, the BER results were  and , 

respectively, while at PE (pha) of 18
o
, the  results were  and , respectively. These 

results over Weibull fading channel show the ineffectiveness of the model but actually describe what should be 

expected.  The results show that without diversity the received signal strength will be very low and that there 

could be a complete loss of signal. The research also shows that as the PE increases, the BER results also 

increase indicating a poor signal reception. In Figure 3 the   result at PE of 2
o
 were  and 

 for L of 2 and 8, respectively. While at 18
o
, the results of  were 2  and 

, respectively. In Figure 4, at L of 2 with SNR of 2 dB and 18 dB,  and 

 were obtained as , respectively, at L of 4, the  values were  and , 

respectively, while at L of 8, the results were   and  respectively. These values 

show that diversity combining leads to an improved received signal strength. The models obtained have shown 

that as SNR increases, the probability that the signal will be attenuated is very low. Figure 5 shows that in 

Weibull fading channel at 4 dB SNR, L of 2 and PE of 3
o
 and 12

o
, the  results were  and 

, respectively, but at L of 8, the  results obtained were  and  for 

PE (pha) of 3
o
 and 12

o
, respectively. At SNR of 18 dB with L of 2,   and  were 

obtained, respectively as , while at L of 8, the , results were  and  for PE 

(pha) of 3
o
 and 12

o
, respectively. In Figure 6, the  were  and  respectively, for 

L of 2. While at L of 8 the  results were  and  for PE of 13
o
 and 25

o
 PE, SNR 

of 10 dB.  Figure 7 indicate the theoretical and simulation results of outage probability versus SNR in Weibull 
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fading channel. These graphs have shown that both theoretical and simulation results were in perfect agreement. 

Therefore, the theoretical model can be used to predict practical situations where signal communication link is 

to be planned. 

 

 

Figure 1: Theoretical Bit Error Rate of BPSK modulated signal versus SNR at PE of 3
o
 and 12

o
 over 

Weibull fading channel at L of 2 and 8 

 

 

Figure 2: Theoretical Bit Error Rate of BPSK modulated signal versus Phase Error at SNR of 2 dB over Weibull 

fading channel at L of 2 and 8 
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Figure 3: Theoretical Outage Probability versus Phase Error at SNR of 2 dB and a threshold value of 2 dB over 

Weibull fading channel at L of 2, 4 and 8     

 

 

 

Figure 4: Theoretical Outage Probability versus SNR at a PE (pha) of 3
o
 and a threshold value of 2 dB over 

Weibull fading channel at L of 2, 4 and 8 
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Figure 5: Theoretical Outage Probability versus SNR at a PE (pha)of 3
o
 and 12

o
 with 

threshold value of 2 dB over Weibull fading channel at L of 2 and 8 

 

 

Figure 6: Theoretical Outage Probability versus SNR at a PE (pha) of 13
o
 and 25

o
 with threshold value of 2 dB 

over Weibull fading channel at L of 2 and 8 
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Figure 7: Simulation and Theoretical Outage Probability versus SNR at a PE (pha) of  

3
o
 and a threshold value of 2 dB over Weibull fading channel at L of 2, 4 and 8 

 

I. CONCLUSION 

 

 The multipath fading channel was modeled as Weibull distribution fading channel while the phase 

error was modeled as Tichonov distribution. Statistical analysis was carried out using the properties of the PDF 

to obtain the PDF of the received signal at the output of EGC. Outage Probability and BER were used to 

determine the effectiveness of the derived closed-form expression. Computer simulation was carried out and 

found to be in agreement with the theoretical results. In practical the results have shown that the use of BER as a 

performance metric is not advisable in this case for Weibull fading channel, it has demonstrated   expectations in 

practical scenario because it shows a complete attenuation of the signal. However the model is suitable for 

Outage Probability. The results have also shown that the allowable range of PE must not be exceeded to achieve 

good signal reception.  
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